Dielectric relaxation with polaronic and variable range hopping mechanisms of grains and grain boundaries in Pr0.8Ca0.2MnO3 J. Appl. Phys. 112, 103718 (2012) Hot phonons contribution to Joule heating in single-walled carbon nanotubes J. Appl. Phys. 112, 103527 (2012) Nonlocal electron-phonon coupling in the pentacene crystal: Beyond the Γ-point approximation J. Chem. Phys. 137, 164303 (2012) Polaronic behavior of MnO doped LiI-AgI-B2O3 glass J. Appl. Phys. 112, 073705 (2012) Picosecond dynamics of hot carriers and phonons and scintillator non-proportionality J. Appl. Phys. 112, 053709 (2012) Additional information on J. Appl. Phys. The effect of electron-phonon interaction (EPI) on the thermoelectric properties of a double quantum dot system weakly coupled to external electrodes is analyzed using master equation formalism. The influence of the EPI, temperature, interdot tunneling strength, and Coulomb repulsions on the electrical and thermal conductances, thermopower, and figure of merit is studied in detail. The electrical conductance is reduced in the presence of the EPI, while the thermal conductance is increased. Furthermore, it is observed that the magnitude of the electrical and thermal conductances can be tuned by using the interdot tunneling strength. It is also found that although the magnitude of the figure of merit is reduced in the presence of the EPI, the number of peaks is enhanced. 
I. INTRODUCTION
Use of nanostructures in thermoelectric devices has attracted a lot of attention during recent years. [1] [2] [3] [4] [5] [6] [7] [8] Deviation from the Wiedemann-Franz law 9, 10 expressing the ratio of the electrical conductance to the thermal conductance, which is proportional to the operating temperature, has made the new hopes for producing novel thermoelectric devices with high efficiency. The discreteness of the energy levels, 11 Coulomb interactions, 12 interference effects, 13 etc., are the main reasons of the improvement of the thermoelectric properties of nanodevices. The thermoelectric efficiency of the device is described by the figure of merit, ZT ¼ S 2 G e T=j where S denotes the thermopower and G e is the electrical conductance. j ¼ j e þ j ph is composed of the electrical and phononic thermal conductances, whereas T is the operating temperature.
The thermoelectric properties of the quantum dot-based devices have been extensively studied in the recent years experimentally and theoretically. [6] [7] [8] [9] 11, 12, [14] [15] [16] [17] [18] [19] One of the most interesting systems is composed of the two serial or parallel coupled quantum dots. Theoretical results show that the double quantum dot (DQD) system can have the high figure of merit due to the intra-and interdot Coulomb repulsions, and the interference effects. [20] [21] [22] [23] [24] Although the influence of the electron-phonon interaction (EPI) on the thermoelectric properties of a single QD devices has been recently studied, 7, [25] [26] [27] the influence of electron-phonon interaction on the thermoelectric coefficients of a DQD system has not been considered so far. Experimental results have showed that the electronic degree of freedom may interact with the vibrational degree of freedom because of the thermally induced acoustic phonons 28 or center-of-mass motion of the dot. 29 The EPI can significantly influence on the figure of merit and can lead to the novel and interesting effects.
In this article, the influence of the EPI on the thermoelectric properties of a serial double quantum dot system weakly coupled to the external leads is studied using the rate equation approach. Using the polaronic transformation, the formal expressions of the electrical and thermal conductances are obtained and the effect of the temperature, the EPI strength, and the Coulomb repulsions on the figure of merit is analyzed in detail. The Hamiltonian and the basic equations are presented in Sec. II. Section III is devoted to the numerical results and in the end, some sentences are given as a summary. tunneling matrix element between the dot and the electrode. a † i ða i Þ stands for the phonon creation (annihilation) operator in the dot i ¼ L, R and k i describes the EPI strength. In the above Hamiltonian, we assume that the electron spin is conserved in the tunneling processes from the electrode to the dot or from one dot to the other. Furthermore, the interaction between the charge difference on the two dots and the vibrational modes is ignored. Such interactions are specially important in dimer molecules. 30, 31 With respect to the fact that the electrode-dot coupling is weaker than the electronphonon coupling, the EPI can be eliminated from Eq. (2b) using the polaronic transformation, 32Ã ¼ e S Ae ÀS , where
whereH
In the following, we assume that the vibrational modes are independent of the dots index so that their energy is shown by x 0 . This assumption is reasonable if the shape and the size of the dots are identical. Thus, H L$R ¼ H L$R owing to X † LðRÞ X RðLÞ ¼ 1. Now, we can compute eigenvalues and eigenvectors of the isolated DQD system because, the electronic and phononic subspaces are decoupled due to the polaronic transformation. The many-body states are denoted by jN n ; k > where N denotes the number of the electrons, whereas n stands for an electronic configuration. k is the number of phonons. It is clear that there are sixteen different electronic configurations: empty state, four states with one and three electron, six states with two electron, and a full state with four electron which are expressed as j0; k > j0; 0; k >; (5a) j1 n¼1::4 ; k > a n jr; 0; k > þb n j0; r; k >; (5b)
where T denotes the triplet states. It is worth mentioning that the state j2 n¼4::6 > with the lowest energy is called as the singlet state. Assuming weak coupling to the leads, the time evolution of the density matrix of the system is given by the master equation
where the transition rate C a jN n ;k>!jNþ1 n 0 ;k 0 > describes the transition from state jN n ; k > to jN þ 1 n 0 ; k 0 > given as
where C a r ¼ 2pq a jV akr j 2 is the strength of coupling between the QD and the lead a. The wide band approximation is used to define C a so that C a is energy-independent. f a ðxÞ ¼ ð1 þ expððx À l a Þ=kT a ÞÞ À1 is the Fermi distribution function of the lead a with the chemical potential l a and temperature T a . X kk 0 a ¼< kjX a jk 0 > can be easily expressed in terms of Laguerre polynomials. 32 Solving rate equations in the steady state, the electric and heat currents crossing from the lead a are computed by
where sgn(x) is a signum function. It is clear that I L ¼ ÀI R . In linear response regime, the electric and heat currents are expressed as
where G e and G T are the electrical conductance and the thermal coefficient, respectively. In the limit of zero current, the thermopower is computed by
. In order to compute G e and G T , we assume that 
where j e denotes the electrical thermal conductance and L r are given as
For simulation purposes, the electrode-dot coupling strength is spin-independent, i.e., C a r ¼ C 0 , because the electrodes are the normal metals. Furthermore, the single electron levels in the QDs are considered to be degenerate. The phonon thermal conductance is assumed to be equal to
=3hÞT is the quantum of the thermal conductance. 34 Figure 1 shows the electrical conductance as a function of k and the energy level of the QDs controlled using the gate voltage in the experiments. In the absence of the EPI, G e shows a peak when the transition energy from N-electron state to N61Àelectron state is equal to the chemical potential of the leads, l a ¼ 0. Note that at these energies, the probability of being in the state jNn > is equal to the probability of being in the state jN61n 0 > because of E Nn ¼ E N61n 0 . G e has four peaks because the system can have up to four electrons. The peaks and dips of G e are well seen in the low temperature, Fig. 1(a) . With increase of the temperature resulting in the reduction of the Coulomb blockade effect and increase of the thermal tunneling, the peaks and dips are nearly merged. Such behavior about the QDs is well understood. However, two peaks are observed. In these points, the probability of being in two-electron and three-electron states (left peak) and the probability of being in one-electron and two-electron states (right peak) is equal to half. Furthermore, increasing temperature gives rise to the reduction of G e . In the presence of the EPI, the position of the peaks is shifted toward right due to the renormalization of the energy levels of the QDs. In low temperature, one extra peak is clearly observed in the conductance spectrum resulting from the phonon-assisted tunneling. Indeed, the EPI results in the creation of the new channels for the electron transport. In high temperature, the new peak is not distinguishably observed because, the peaks are now merged. Figure 2 describes the influence of the interdot tunneling on the electrical conductance and the eigenvalues of the isolated DQD. The interdot tunneling is controlled by using a gate voltage in experiments. It is interesting to note that the eigenvalues of the QDs are strongly dependent on t so that the different electron configurations with the same electron number, N, are nearly degenerate for weak ts, while they will be split by increase of t. For instance, the singlet state is more accessible than the triplet states in high ts, as one can see in Fig. 2(c) . The conductance spectrum exhibits two main peaks. The peaks are located in ts in which the transition energy from N-electron state to N þ 1-electron state needs no energy. The first peak describes the transition from empty state to 1 n¼1;2 because E 1 n¼1;2 ¼ 0 at t ¼ 1, see Fig.  2(b) . The second peak shows the transition from j1 n¼1;2 > to the singlet state. The EPI results in the shift of the peaks' position due to the renormalization of the QDs' energy levels. In addition, the height of the peaks is reduced because the EPI modulates the tunneling rate between the leads and the QDs by jX kk 0 a j 2 which is lesser than unity. The reduction of the height of the peaks in the presence of the EPI was previously reported about single QD systems in both the Coulomb blockade 25 and the Kondo regimes.
III. RESULTS AND DISCUSSION
35 Figure 3 shows the thermopower as a function of the energy levels of the QDs for different ks. In low temperature and k ¼ 0, the thermopower becomes zero in some energies.
There are two main reasons for it. From Eq. (10), it is observed that when two different electron configurations are equally occupied, i.e., E Nn ¼ E Nþ1n 0 , then the thermopower will be zero because no net current transports through the system. S > 0 (note that e < 0 in unit k B =e) in the left side of these energies because the holes participate in the transport of the current, while S < 0 in the right side due to the charge transfer by electrons. Furthermore, the thermopower is zero when the energy difference between the occupied level and its neighbor levels with different electron numbers is equal. These points are so-called the electron-hole symmetry points. In these points, the electrons and holes participate in the transfer of the current and energy with the same weight but they carry the current in the opposite direction so that there is no net current in the system. The thermopower is negative in the left side of these points while it is positive in the other side. Indeed, the behavior of the thermopower in the electron-hole symmetry points is completely different from the former case. The effect is called the bipolar effect recently reported in a multilevel quantum dot. 36 In the presence of the EPI, the number of zeros of the thermopower is increased because there are new channels for the transport of the charge and energy through the system due to the phononassisted tunneling. In addition, the position of the electronhole symmetry points is shifted due to the EPI. Results show that the EPI results in the reduction of the thermopower. Moreover, The asymmetry of the thermopower is significantly increased by the EPI. The asymmetry comes from the electron-hole symmetry. The oscillations of the thermopower resulting from the change of the electron number are disappeared by the increase of the temperature. Unlike low temperature, the thermopower is zero in a continuous range of the energy in the high temperature.
Thermal conductance as a function of the energy level of the QDs and the EPI strength is plotted in Fig. 4 . In low   FIG. 3 . Thermopower as a function of the QDs energy level. Parameters are the same as Fig. 1.   FIG. 2. (a) Electrical conductance, (b) eigenvalues of the one-electron states, and (c) the transition energy between the singlet (triplet) state and one-electron states.
Parameters are e i ¼ 1 and kT ¼ 0.2. Others are the same as in Fig. 1. temperature, j c and G e exhibit nearly same behavior. However, the peaks of j c are wider. Furthermore, one can observe new peaks in the middle of the Coulomb gap whose heights are increased by increase of the temperature. The peaks are located in the electron-hole symmetry points. Although the net electronic current crossing through the system is zero in these points, the most energy current transports through the system, because the holes and electrons carry the energy in the same direction. Increase of the temperature results in the amplification of the bipolar effect and merger of the peaks. On the other hand, the results show that the EPI influences significantly on j c , especially, in low temperatures. The thermal conductance is increased by increase of k so that it takes the highest value at k ¼ 0:6. In high temperature, the increase is continuous because of weakening the Coulomb blockade effect.
The influence of the interdot tunneling on the thermal conductance is analyzed in Fig. 5 . The thermal conductance shows two peaks whose origins are completely different. The first peak appears when the system is in the empty state, whereas the second peak is located in the electron-hole symmetry point. In this point, the system is in the state P 1 1 , and the energy spacing between the occupied state with the empty state is equal to the energy spacing with the singlet state so both electrons and holes carry the heat energy. Inset shows the electron population versus t. The interdot tunneling controls the electron population and as a consequence, the transport and thermoelectric properties of the system. The thermal conductance is increased by the EPI because the appearance of the phonon-assisted channels. Furthermore, the position of the peaks is renormalized by the EPI. Figure 6 describes the figure of merit as a function of the EPI strength and the energy level of the QDs. ZT is reduced by increase of k because the thermal conductance is increased in the presence of the EPI. It is so interesting to note that ZT has a peak around l resulting from the EPI so that it is vanished in k ¼ 0. Indeed, the phonon-induced channels near the chemical potential of the leads influence significantly on the electrical conductance and the thermopower. ZT is zero in resonance and electron-hole symmetry points because of S ¼ 0.
The effect of the temperature on the figure of merit is analyzed in Fig. 7 for k ¼ 0, and k ¼ 0:5. Results show that the number of peaks of ZT is increased in the presence of the EPI due to the phonon-assisted tunneling. Furthermore, although the height of the main peaks is reduced because of the EPI, the new peaks are observed around the chemical potential leads whose height is comparable with the main peaks. The increase of the temperature results in the reduction of the height of the peaks because the thermal conductance is increased, whereas the electrical conductance is reduced. However, the peaks are now wider. In addition, it is observed that the height of the main peaks is increased in the presence of the EPI if kTՠx. Figure 8 describes the influence of the interdot tunneling and Coulomb repulsion on the figure of merit. First, we analyze the behavior of ZT under condition that k ¼ 0. Results show that ZT is linearly increased with the increase of t if U i ¼ 0. In finite U i , the maximum value of ZT takes place in the larger t with increase of U i . On the other hand, the increase of the Coulomb repulsion results in the increase of ZT because of the reduction of the bipolar effect. 36 Indeed, the increase of the Coulomb repulsion gives rise to the increase of the energy levels spacing of the system, therefore, the simultaneous participation of the electrons and holes in the energy and charge transport is significantly reduced. The behavior of ZT is completely different in the presence of the EPI. Here, the ZT is linearly reduced by increase of t if U i ¼ 0. Note that the energy levels of the QDs are now below the chemical potential of the leads due the red shift. Hence, the bonding and antibonding states can participate in the transport of the charge and energy by holes and electrons with the increase of t. On the other, it is observed that ZT is nearly independent of t when U i is very large so that the figure of merit is saturated for t > 0:3. In addition, the maximum value of ZT is increased in the presence of the EPI.
IV. SUMMARY
In this article, influence of the EPI on the thermoelectric properties, a serially coupled double quantum dot system weakly attached to metallic leads has been analyzed using 
